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Equations of motion are developed for a tcwed body moving in a plane defined by

gravity and the fore-and-aft axis of the ship, Solution of the cross-coupled eguations
‘enables predictionsto be made of towed body heave, surge, and pitch motions,

The iowline is approximated as a spring with one third of its mass added to the
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EQUATIONS OF MOTION FOR A TOWED BODY
MOVING IN A VERTICAL PLANE

INTRODUCTION

The designer of a ship-towed system must be able to predict
the motions cf the towed bcdy. In designing a body that should
have minimal response to external excitations, he should have
such information available in order to avoid a resonance in any
of the body motion modes,

This report presents solutions of the cross-coupled equations
of motion for a towed body moving with heave, surge, and pitch
motions and for various ship-input conditions. By the use of body
and cable constants, one can optimize a design for whichever
criterion he must satisfy, be it heave, surge, or pitch, or any
combination of the three motions. The analysis is limited to
motions in the vertical plane, since additional informatior that
could be derived from solving equations of motion for a body with
six degrees of freedom did not appear to be significant at the time,
In general, towed bodies have symmetry about a plane defined by
the vertical and the fore-and-aft axes.

The primary force input to a cable-towed system is taken to
be the vertical force at the point of attachment of the cable on the
ship. This limitation on the analysis is reasonable, because
forces in this plane will not couple into sway, roll, or yaw for a
symmetrical body. The solution may be extended, however, to
apply to 2 body moving with all six degrees of freedom.

Lum! soives similar equations byusing the Laplace transform
technique for the open-loop pitch response of a towed body; how-
ever, the results are somewhat difficult to use to find towed-body
response for specific input conditions,

S, M. Y. Luin, A Thcoretical lnvestigation of the Body Parameters Affecting the Open-
Loop Pitch Response of a Submerged Towed Body, David Taylor Model Basin Report No, 1369,

, February 1960 (UNCLASSIFIED),




ANALYSIS

A typical towed system is shown in Fig. i. The dynamic
model of the system is presented in Fig. 2.
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Fig. 1 - A Tcwed System

The dimensions, masses, spring constants, and damping fac-
tors for Fig. 2 are defined as follows:

Cpy - damping factor of the body alone for motion in the y-direction

C,; - damping factor of the body alone for motion in the z-direction

C,, - rotational damping factor of the body alone for motion about the x-axis

¢ damping factor of the tail alone for motion in the z-direction

- vertical distance from center of mass to tail center of damping

vertical distance from the center of mass vo the tajl's effactive center
of resilience and damping.

. h - vertjcal distance from the center of mass to the towpoint
= j - vertical distance from the center of mass to the body's center of damping
‘! K, - spring constant due to change of body lift with angle of attack
K cy - Spring constant of deflecte towcable in horizontal (y-direction)
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Fig. 2 - Dynamic Model of .he Towed Systemn

spring constant of deflected towcable in vertical (z-direction)
spring constant due to change of tail lift with angle of attack
s} ing constant due to change of tail drag with angle of attack

rotational spring constant due to pendulous effect of the wates weight of
the body below the towpoint

horizontal distance from front of body to the center of body lift
horizontal distance from front of body to the center of body damping
horizontal distance from front of body to the center of mass

horizontal distance from front of body to the effective center of the tail

horizontal distance from front of body to the towpoint

mass of the body and tail
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m_ - mass of the towcable

mg, - mass of wster thut floods body
Bphy - hydrodynamic mass of the body ir the y-directioe
my, . - hydrodynsinic mass of the body in the z-direction
my ., - hydrodynamic mass of the cable in the y-direction

m, ., - hydrodynamic mass of the cable in the z-direction

m,, - bydrodynamic mass of the tail in the z-direction

n - vertical distance from towpoiat to ceater of gravity of the dry body
v - vertical displacement of the towpoint on the ship

wy - weight of the body in sea water

y; - horizontal distanze from front of body to center of gravity of the dry body
Yy, - borizoital distance from front of body to center of body hydrodynamic mass

Y3 - horizoatal distance from front of body to center of body flood water mass

The center of mass of the body can be located by taking
moments about some reference point. For its location in the
y-direction

Yi®p Yy My, tY3 By, Lt Wy + l"I‘P (1/3 m.+ 1/3 ll'hcz)

L = .
CM my +mp, tm tmy o+ 1/3 m, + 1/3 m (1)

The mass and hydrodvnamic mass terms of the cable are included
in Eq. (1), following the usual convention for dynamic nroblems
to include one third of the mass of the spring. A more thorough
analysis might be patterned after the work of Dr, L, F, Whicker.?

The rotational spring constant K_ 1is equalto wyn if
angular displacements are assumed to be small, The spring
constants K, and K, are actually rotational spring constants
but are shown as linear springs in the z.direction for ease of
comrputation, The constants can be computed as follows:

2L, F, Whicker, "The Oscillatory Motion of Cable-Towed Bodies,” Doctoral Thesis,
University of California, Berkeley, California, May 1957,




K, = p/2A,VE(AC,,),

and

Ky, = p/2AVI(AC,),

where
» = fluid density,
A, = horizontal projected area of the body,
A, = horizontal projected area of the tail,
AC,, - change in lift coefficient of the body with angle of attack,
AC,, = change in lift coefficient of the body with angle of attack, and

AC_ = change of drag coefficient of the tail with angle of attack.

(2)

(3)

(4)

A criterion for stability is that the lift moment of the tail must
be greater than the lift moment of the body; it can be expressed

mathematically by

Ko (Lo =Ly > Ky (L= Lpy)

Using the equations of motion for a resiliently supported body’
with six degrees of freedom as presented by Harris and Crede,*

3This form of equation of motion is used because of its linear form, Viscous forces are
rapresent2d as damping constants and inertial history terms are assumed to be negligible,
4C, M. Harris and C. E, Crede, Shock and Vibration Handbook, vol, 1, McGraw-Hill
Book Company, Inc., New York, 1961,

o ”45__:{%&' ¥
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but restricting the motion to a plane with inputs occurring in that
plane only, we can write

M, = 1"&4» E (Kysz"KyyAz)yc"’ E ‘(Kzsz-Kyz ANEZ -W

(5)
3 2 2 » - "
; + E (K, A2+K,, A2-2K A A)a+ E (Cyz Ay =C,y AD ¥,
:: », 2 * - 2 2 s ’ a
. s z (Cpp Ay ~Cp AD G =W 4 E (C,, A2 +Cy, AJ2-2C, A A7) G,
, F, = o, ;c + E Kyy v + E K, (z. -W)+ E (K’,z Ay -Kyy A)a
i (6)
+ E ny y. + E Cyz (z, -W)+ E (Cyz Ay -Cw A)a,
i
* and
F, =m,z_+ E Kyz Ve E K, (z.- W+ E K., A, K, A)a -

+ E Cyzyc+ E C,,(z,- W)+ ; (CuA;-CyzA;)a,

where

A = coordinate distance from the body’s center of mass to the elastic center
of the resilient element;

A’ = coordinate distance from the body’s center of mass to the effective center
of the damping element;

= damping factors;

= dynamic input force applied at the body's center of mass;
= mass movement of inertia;

spring constant;

= body mass;

= dynamic input moment applied at the body's center of mass;

C
F
H
- K =
m
M
v

= vertical displacement of the ground point of all vertical springs;
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v, ¥, y = displacement, velocity, and acceleration in borizontal direction of the
body’s center of mass relative to earth coordinates;

2,2,z = displacemeant, velocity, and acceleration in the vertical direction
of the body’s ceanter of mass rclative to eanh coordinates;

a, &, a = angular displacemeat, velocity, and acceleration in a vertical plaae
(defined by y and z) of the body relative to earth coordinates;

and where

subscript ¢ = reference to center of mass;
subscript x = refecsnce to x-direction;
subscripty = reference to y-direction;
subscript z = reference to z-direction; and

subscript a = reference to a-axis of rocation .

The computation of the various coordinates distances A and
A’ 1is as follows:

for the spring representing the cable,

A L

y cu ~Lrp

]

A, = h;

2

for the spring due to tail lift,

Ay = Ley "L:

A

Z

G (negative if effective center of tail lift is below the center of mass);

for the spring due to body lift,

Ay = Lew Ly

A_ = O (it is assumed that the effective center of body lift lies on 4
the horizontal plane of the center of mass); g
ey

z
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for the center of damping of the body,
A; =L .-L

Cco

Al = j(megative if the cenzer of dempiag lies below the center of mass);

for the center of damping of the tail,
A = L__ -1

¥ M t

A, = G (negative if che center of rail damping is below the center of mass).

We may now consider the actual towed system and use all

masses, elastic elements, damping elements, and input forces

in order to apply Egs. (5), (6), and (7). Rewriting Eqs. (5),
(6), and (7) with the above conditions and coordinate distances
and assuming that

[}

Kyz = sz

Cyz = Czy

0 for the cable, and

0 for the body,

0

we have

r 3

My = Uy +])a+(~K b Ve + Koy Loy ~Lyp) )z, - W)
” Z n 2 »
+[l\chh +K_, (Ley ~Lypp) +l\t(Ll-LCM)be(Lcu-Lb!)+Kw+KdtD]¢z

"(Cbh i));c + [Cb\- (LCM = Lco) - Ct (L: - Lcu)l ic

+ [Cbh i? o+ C (L, - Lcu)z +Cyy (L - Lco)2 +Cy,la,




Fo=m v +X, ¥ - (K, b-K)asCpuy <G /L, -Cyila, (9

and
Fz = B ic * l'c‘_ (z - %)+ l‘cv (Lew - Lip)+ ‘b -Ktl a
. (10j
#Cy * Oz +[-C UL -L )+ G (Ley -Lcp) + G /Ly a
where

}b = mass moment of inertia 1n the psch plans about the center of mass;

Jp» = bydrodycanic mass moment of inzstia in the pitch plane abour the center of mass;
F_ = forcing function acting on the center of mass in the y-direction;
F_ = forciag function acting on the center of mass in the z-direction;

M_ = forcing fuaction acting about che center of mass in the pitch plane;

m, = total oscillating mass ia the y-direction (m(y = m hmgy, tme
+1/3m_+1/3 mbc’,); and
m , = total oscillating mass in the z-direction (m, = mp +my,  +m¢

< my ¥ 1/3 m_ + 1/3 m ).

The spring constant due to body lift is negative in Eq. (8)
because its effect is to upset the body if it is displaced. Other
assumptions applied to Eqs. (8), (9), and (10) are that cabie
damping is small compared with body damping and that the
center of tail damping lies along the vertical height of the center
of mass, It is also assumea that the flood water mass center,
the hydrodynamic mass center, and the center of body heave
damping lie in the same horizontal plane,
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SOLUTION OF EQUATIONS

(10) ) into dimensioniess form, the following steps are taken:

M‘I\“}SJMVWM N

e
PR

the body length.

(2) The two force equations are divided by wy, the body
weight in water.

{3) The moment equation is divided by w; Ls.
Therefore, Eqgs. (8), (9). and {(10) become

M 4K  (Ley ~Lpp)V Jo+Ine (L. &) Kb Koy Loy - LTP)-‘
- b o} s 4
¥, L2w, LW [° T,V |

(1) All a terms are multiplied by L, /Ly, where L, is

[chh K Loy =Ly +K (L ~Loy) +Ky(Loy ~Lyy) + K, +Ky D]

2
Ly % B

Cbh ] Coe ey ~Len) +C{Lcy - Lz).l ;
L, ¥, J

.2 -2 2
Coni"+Clley-L"+Cy, (Ley ~Lep)* + Gy, .
+ ‘ (Lb aj,

2
Ly % J

10

In order to change the equations of motion (Egs. (8), (?), ard

(‘!Lb)

(1)

(11)




Fz ¥ 'Kcv ezl l{4:v z [Kcv (LC! - LTD) ¥ Kb - Kt L a
= z + — ¢ + - b

{11X
[va +Cl] . [Cz (L, -Ley) -Cy Loy ~Lep) +Cbr] . ! )
+ z + aLb .

For Egs. (I), (II), and (III), let

Lb\'( —q,
Lb& =q.,
and
(3
Lya=gq.

In the equations that follow, the terms I, II, and I1I indicate
Eqs. (I), (II), and (I11), respectively, and the subscript
following these terms represents the variable that multiplies

the term.
I [Jb + I
§~ 3 :
Ly %,

[k

- ch b
y = s .
L, ¥,

b

rxcv (Lcu - LTP S]
Lb v

B

o

11

-

R

-
.-
v




i " 2 2, ,
£ - Ken b+ Koy by =Lyp) #K (L =Loy) + Ky (loy ~ L) + K, +Ky, D

q ¢ ]

2

g L Ly ¥y, .
"?; P
: Con i

Iy - amn————

Ly ¥

rcbv (Ley =Lep) +C(Ley =LY

I =
‘ ] L, ¥,
- 22 2 2
o Copn i +C Loy L) 4+ G Ly -Lep) + Gy,
1 2
X Ly %
- .
f'm «
1§ RO A
y yb
o - -»
r -
K
by, = |
B R
K, h-X
"q - h dt
C
e =|—an)
L
[Cbhl Cor
lI' =

12




iy =) —=
. b
[
K

nr, = j——|.
]
b

1
Ul - Koy (Ley~Lyp) +Ky —K,
L VL,

Cb +C

111 = v ¢
z
L %
' -
11 - Cov (Leg —Lep) ~Ci (L -Ley) + Gy /Ly,
L Vp Ly
«*
P - Mx + l(cv (LCM - L'I‘P) v
B Ly %
S
v - _‘S.J
LY
7 - Fz +WKCV
Yy

13
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The equations «~” ;7.ot;~ ..ow become

P=laq—iyy+!zz+qu—1};y+lz°z+l‘iq, (1A)

e R AN A e e -
[ ]

[}

Y =Il;y+llyy-Iqu+!ly‘,y-ll‘iq, (I11A)

Z = HI:‘-E+IHZZ+IIIqq +I!l£z+lll‘iq; (I11IA)

or in matrix notation,

! ]
H B AYCsY G- Rt ok EThRIE NS
i I; 0 0 y 1, 0 Ay i, o i lly Y
0 1881 0 z | +{0 Il Il z|+{0 IIIz I z | ={Z -
L0 0 lq_ | 9 _ L-IY I Ié JLal _—Iy I Iq JU94 bP_
or
MQ@®+CQ() +KQ() = F(v). (11)
The solution to Eq. (11) involves a complementary and a
particular integral. The complementary solution, which is
obtained by setting the forcing function F({t) of Eq. (11)
equal to zero, is
Q. = ¢ (C/zmx (C, €08 ny, + C, sin apy,), .

I4




where
t = time,
e ' Cl and C2 = arbitrary constants, and
23 = damped natural frequescy of the system.

It can be seen that the complementary solution is a transient one
that diminishes with time. Therefore, the steady-state condition
is described by the particular solution,

To effect the particular solution we let

F(t) = F, cos wt,

and assume that
Q = Q, cos wt +Q, sin wt,

where

w = forcing frequency.

Taking derivatives and substituting in Eq. (11) we obtain

Q =-w Q, sin wt + w Q, cos wt,

and

Q= —-wzchos mt—w"\leinwt;

therefore, we have

-w'M (Q, cos wt +Q, sin wt) + w C(Q, cos wt - Q, sin wt)

(12)

+K(Q, cos wt 4 Q, sin @t) = F; cos wt.

W

- I
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Equation (12) must satisfy the condition that the sum of the forces
in the vertical and horizontal directions must equal the inertia
forces in those directions. Hence, we have

- w? M@, + wCQ, +KQ, = F, (13)
and

- o?MQ, - wCQ, +KQ, = 0. (14)

Because M, C, and K are matrices, multiplication of these
terms is not commutative,

Solving Eq. (14) for Q, and substituting into Eq, (13),
we cbtain

Q, = =C'lk-uMlQ,,

and

[ic‘(x-mzm Lot x-u?M l]Ql -lctr
w

W

Solving for Qx’ we have

-1
Q, - [lC”(K«-sz)z-ﬂ] Loy,

w [

in which




and

o e
. ¢ CYY CYZ qu
-1
C = Czy sz Czq 4
bcqy qu C‘l‘l

where
C = Il[;l;l -III&I;/A,

C.. = 1:1 II'y-—H;IX;/A,
C._ = -—HI"1 I‘Y/A,
C., = -II;,I;/A,

Cq = I3 HI/A,

qy
« 7 Cyq = 115 HI;/A,
‘ C,, = ~11;1;/A,
Czq = -H)',IH;}/A, and

Cqq = 11; 111/4,

where

A = I!y; (et l;‘ -I!!“! !;)-II;' (I); i),

Performing matrix operations for the terms in the expressions
Q; and Q,, we obtain

—(2 b4 -
Cyy Cyz Cyql 11, =115 0 1,
| 2uy 1 2717,
sClK-wM = ~{C,, C,, C ol O n,-e?uipur, |,
- el
Cqy Caz Caal |1y 1, 1~ 1

17




krﬂ'ﬁ-&%ﬂw&h‘

1
%’: and
3 1~ 2y 1 217y U ETT
? ~CHK - ot M) ;-[c”(uy-w ) -1,C0 €, 01, —? Iy s C 1,
2
. - _ a2y EPRITH
? C,,ZHIq C”Hq4cyq(lq @ lq) Czy(lly @ IIy)
2 -
“lyCoq Coqla+ Gy (M1~ 0P MIIG) —C, 11 4 C, 110
. _— el 11 .2 -
+Cagllg= 0™ 19 Co (11~ ;) ~C 1 C . (11, - o? 1)
- —end 1
+Coqly =Cq Ul +Co 1M 4C (I -0 xq)].
Let

r -y
fyy  Tyz  fyq
1 _.1,. 2 1
(:;C (k-m M) = z)- l'zy fzz fzq .
1 4 r i 4
ay gz q
i 99

Now forming, we have

. ) 1 vy fyr fyal Ity vz fyq
(LC"(K-Q)ZM))+1 CY r r r r r + 1!

o 2] 2y 2z zq zy zz zq
©

Yoy  Tqz  fyq fovy Tz Tqq




2
(ryy * TyzTay gy Fyz + oz fyz
2 2
feq qy) (1/0) +1 fqz yq)(l/u )
2
= (rzy Tyy ¥T22 %2y (rzy fyz+f22
2 2
fhq qy) (1/ %) +rqztzq)(l/w Y+ 1
(t‘l}’ ryy + rqz rzy (tyz rqy +r,, f e
2 2
faq qy)(l/w) *feq qz)(l/m)
Let
-
hyy
l o | 2 2
- CHIK - =
(m { w M)) +1 hqy
h‘lz
Forming, we have
r
Jyy
[wC!®-w?M?+1 ]! =y,
qu

yz

zz

qz

(c Ty2fzq

‘r) 1/

yy fyq?

‘l‘ly

T2qf22

2
T2q qq) (1/o%)

e &+
Tyqzy

2
(*yqTqy *faq

g trd e +1

Yq

zq

‘IQJ

19




yy T Bza qq'bzq e ¥
Jay = h"b“-—hqh“/n,
Jay = byyhg,~b b _/B,
Jye = hn"qz'byz”«/n'
Jax = h”h“-h“h”/B.
Jaz = by by =hy by /B,
Jyq = Byelzq=b,, b /B,
Joq = Byghy b, b /B, and
Jaq = Byyhze by, b, /B,
where
B o= by (b pbgq=hoqhyy) +hy, (h, hy b, hod+h (b, ko ~h b ).
Forming, we have
p - -*’T
yy Cyz Cyq
11 _ 1 5
SO F==le, c, G |2
qu qu C‘l‘! P
L. o W
and
c Fuc 5ac B -
Cyy¥+C,,Z4C P E
) S 1 = = - 1
ZC F"—‘-; Csz+szZ+Cqu =‘;F
C .Y Z+C P
Cay Y+ Cqp *Caq P G

20
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Finally, we obtain

-1
[{i ClK ~ o2 u)‘ ; 1}
\o

Therefore, we obtain

Yy

L 9

. A Tk Tk ase »
& we %,ﬁ%’ﬁ:‘?g‘ -
—— SN

s
1

z| = ]
©

q, Joy

’YZ ]7!
}zz ’zq
qu Jﬂ‘l

yz

zz

qz

| ¢
yq

l’zq

qq

't

(15)
(16)

L
>
§~
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]

[

yz©3 ¥q ql

Mo,

zyyl zz1 rzqql

ard
y = y,sinw: + y, cos o1,

z = z,sinot + 2, cos o, and

£
]

q, sin wt 4+ q, Cos Wt.

COMMENTS

A simple computer program has been written to effect these
complex solutions. This program with necessary inputs is shown
in Appendix A.

In working with these equations, one finds that the most diffi-
cult task is determining the cable spring constants, hydrodynamic
masses, and damping factors since there is very little information
in the literature dealing with the computation of these factors for
towed bodies. Appendix B discusses the computations,

The solutions have been used to study the motions of the
AN/SQA-10 towed body for various ship speeds and sea conditions,
The results agree favorably with data taken at Sea States 2 and
5 with a full-size AN/SQA-10 towed body.

22
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SGMMARY

The diiferential equations of motion have been written for the
case of a cable-supperted towed body. The solution for a sinusoidal
forcing function input is shown in Eqs. (15) ard (16). Computa-
tion of the inertial terms, spring constants, and damping factors
required for Egs. (12), (i3), (14), (15), and (16) enables one to
solve for the magnitude and phase angle of motions in surge, heave,
and pitch resuiting from vertical displacements of the cable end on
the ship. A trial-and-errcr approach can be used to determine the
natural frequencies of the system by substituting various frequen-
cies into the solution,

a.ﬂ,,,‘:’“ ]

23,24
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Appendix A

COMPUTER PROGRAM FOR COMPUTATION

OF TOWED B30DY MOTIONS IN SURGE,
HEAVE, AND PITCH FOR A N
VERTICAL SINUSOIDAL INPUT AT THE SHIP

INPUT TO COMPUTE SURGE, HEAVE, AND PITCHOF A
TOWED BODY *

=, - mass of body and tail

W,. - weight (includes tail) in air

By hydrodynamic mass of body in fore.and-aft direction

e - hydrodynamic mass of body in vertical direction

m, - flood wate: mass

m, - bydrodynamic mass of tail in vertical direction

¥, - body weight (includes tail) in water

Yy - distance from front of body to body center of gravity in air

Y2 - distance from froat of body to body czaicr of vertical hydrodynamic mass
Ys - disiunce from froat of body to flood water mass center of gravity

L - distance from front of body to taii hydrodynamic mass center of gravity
and tail damping

Lop - distance from front of body to towpoint

Lcp - distance from front of body to body center of damping
Lyy - distaace from front of body to center of body lift

n - distance from towpoint to body center of gravity in air

n - distance from towpoint to body center of mass in water (positive if above
center of mass)

j - distance from center of mass to center of damping (minus if center of damping
below center of mass)

* Units must be kept homogeneous,




K - borizontal cable spring constant

- vertcal cable spring constant

U TR VIR

K, - body lift spring constant Cp P/2Ay v Cyp = f(a)

K. - tail life spring constant Cy P/ZA V2 C,

f(a)

4

K4 - tail drag spring constace C4e p/2 A, \'& C4 = f(a)

7 displacement amplitude of towpoint on ship

© - angular frequency of ship’s pitch motion

I - mass moment of inertia of body about center of mass

Jps - bydrodynamic mass moment of inertia of body about center of mass
C,, - vertical damping factor of body alone

Cpp - horizonta! damping factor of body alone

C,, - rotational damping factor of body alone

- vertical damping factor of rail

-, - mass of towcable
m, . - vertical hydrodynamic mass of cable
ey ° horizcatal hydrodynamic mass of cable
PRINTOUT

The surge, heave, and pitch will be printed out in the following
order.

Real part of surge

Imaginary part of surge

Vector sum of real and imaginary parts of surge
Phase angle between real and imaginary parts of surge
Real part of heave

Imaginary part of heave

Vector sum of real and imaginary parts of heave
Phase angle between real and imaginary parts of heave
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Real part of pitch

Imaginary part of pitch

Vector sum of real and imaginary parts of pitch

Phase angle between real and imaginary parts of pitch,

The uni: ;7 of surge and pitch will be commensurate with the
units of the input constants., The phase angles are in degrees. The
pitch angles are in radians times the body length,
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COMPUTER PROGRAM

e FCOATIANG NF MATICY FOCR A YNJFP ArPY r4Re RAKFR
S I8 NCTHAANNLINOGEN
& INN ACTISLACANANANAD
PIYF SICH TTCCHI20) o TTVEUII0) o TTIHR{G) ¢TIKT (L) ¢ TOMFG L) o TTMC(S)
TTTHC2US) «TTMEEY IS s TR 2N} 4 18 {20)1 « 1SSI20) «INIIN) QICOMI20) «SF120) o
2 WCROL2014WT(6) s TET () o FMT (1 2)
RFAD IHDT TAPF 1410041 PR MANY
100 FOLPMAT(AS1S)
TFLUNR =« 1.CR) K42eb
A PAI'SF 4
2 WRTTFE ALTIPIT TAPF 4410 41 UPR
101 FLEEMAT(1H10AS//37H FQUATIONS CF “CTION FCR A TOWFD RONY//)
TF/SPNSE SUTTCH 2). AND ANY
A00 DFAD IMPUT TAPF 2469144 XSFCMANFLIN
Q91 FOOMATIITA)
FN® FIIF IN
DEADC 1*PU'T TAPFE 249976 (FUT{T)eT=1e1D)
Q97 FQaMATY {12AA)
READ IMPIIT TAPF 49024 (TR TY 4 ISIT)TISS(T aIN(T)4l214e5)
92 FGAMATII21A)
RFALC TRPUT TAPF JeFMTo(SFLT) o T1COM(T1) 412145)
A01 RFAD TNPUT TAPFE 34120¢TYReWNAJTVHAY ¢ TVHRZ ¢ TMFW WReYLeY2eY4 o TLTPeTL
1CHeTIRL s THoTH T 1+ CRV (M GCRR L TN
120 FORMAT (4F18,.9)
PFAN IMPIIT TAPF 14990 TNCRGTI R¢TIX4FY W F7
990 FORMAT(1A4F44)
i NFAC TMPU'T TADF 34999 JrR
999 FORMAT(14)
QFAND TMPIT TADPFE 3490R ¢ TMUT ¢TI T TUR T RN CT
998 FOrMAT(5F1NG2)
nO 2P0 1 = 1WMNINR
QFAD IMPUT TAPE 31206 (WTIKK) o¥K 21 04)
DFAL INPIHIT TAPF 301204 ITrMEG KK )Y s KKz ¢d)
RFAD I10DOT TAPF 341204 (TTMC LU o TIMHCZ (J) o TTMHCY (1) o U1 s 5)
AFAD IMPI'T TADE A0 1204 (TTECH () «TTHCVY ) s Jx1420)
REAC IMBLIT TAPE 39 120 {TTvT(J) «TTKE{J) 0 J2]44)
DFAD TLPIT TARF 29120 (TKNT () o.i=)lad)
IS'M = 0
AL 204 KKz) ek
W3 T KK)
PMEGE = TOMEO(KK)
TK™ = TKNOT (KK
TKY = TTYKT(KK)
TKO = TTUAIKK)
~nC201 1L 3 145
TR = TTMCHL)Y
TMUC? = TTARCZ (1)
THLUCY = TTYHCY (L)

TS = TeyU™ o

T sTTKCHTSUM)

TK”v = TIKCVITISUM)

TMTY = TVR o TVHRY oTUFw o T/, o TVRCY/3,

TMT? = TMR & THHPZ  oTFw o THHET « TMC/3, +THC773,

TLelt = { YIRT¥D o Y2RTHHR? o YLRTMFW oTITRTHHT o(TI TD/3)#(TYC o

1TNC2YIY/TMT2

T = LAATN

A = TILR&pH

TI 22 (TR «TJHRY™ /(AT Y
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COMPUTER PROGRAM (Cont'd)

TIY = (TKCHRTH) /A

T17 s (TKCVRITLCM «TiITD))/A

TIN 2{ TXCHRTHR#2 o TKCVRITLCM o« TLTPIRA2 o TRTYRITIY o« TLCM) o7KD
1#TN  +TKBE{TLCM™ « TLRL) + TKW)/(ARTLB)

TIVvy = (CRBHRT J1/A

T17i S(CRVR(TLCM «TLEDY o CTRITLCMN = TLT))/A

TIiCH 2 ICAHETJR%2 ¢ CRVE(TLCNVN = TiCD)I##2 o CTR(TLCM = TLTIRN2 o
1 CRR )/ (A#TLB)

TilY2 = TMTY/WR

TI1Y 3 TXCH/WB

TI1Q 3 (TKCH#TH « TKN) /A

TITY] = CBH/WR

TI10! 8 (CBH&TJj)/A * CAR/(ASTLRY

T11122 = TMTZ/uWR

1112 s TKCV/WB

TITIO &8 (TKCVR(TLCM o« TLTIN) ¢ TKB « TKT)/A

TIi121 s (CBV «CT)/WR

Titi0l =2 { CRV#{TLCM @ TICN)e CTH({TLT= TLCM) ¢ CBR/TIB)/A
PCAP 3 ( TMX ¢ TXCVR(TLCM =« TILTP)#W)/A

YCAP 8 FY/WB

2CAP 5 (F21 ¢ WRTKCV) /WA

1F( MOD1) 70147006701

AA 3 TTIVIH( TITIZ147I01 o TITI014TI21) o YIIOI#¢TIVIaTIIIZNY
CYY s(TI11Z2147101« TIITOQIATIZY)/AA

C2Y sl~ TILINIHTIYI) 7AA

COY s(TIYIRTITI21) /A4

€Y7 = («TIIQ1® T121)/AA

C22 ={TINI*TTIIY]! « TYINIaTIYI)/AA

CQ7 s(=TIIY1#T121)/AA

CYC = (TIIOI#TII1Z21)/AA

€7~ =(=TIlYi® TI1IN11/AA

CoN = (TIIYI#TITIZ1)/7AA

RYY 2 CYY#(TIIY o OMEGA##28TIIY2) = TIVYRCYL

RYZ = CY2#(TI1112 « OMEGA##RTI1122) + CYQnT?2

RYN =2 CY2RTITIC = CYYRTTIIN ¢ CYRR(TIO ~TIQ2#0MFGARR2)
RZY a C2ZY#{TIIY = TIIYOHOMFGA##?) = T1Y®CZO

R27 = CZO#T12 o C27#(T1112 = TI1122040MFGARND)

R20 3 «CZYRTIIQ ¢ CZ72%TI110 ¢ CZCH(TIC » TIQ2ROMFGASRR))
ROY 3 COYR(TIIY = TITYO#OMFGA%#R)) = CQORTIY

RO7 = CQ2%(T1112 «T11172x0QMEGA®#2) ¢ COC®TI2

RON 2 «COYRATIIO ¢ CQ7HTYITIN o CONM(TIQ » TIQ2#OMEGA%S))
HYY 2 ( RYVY%#%2 ¢ RYZ#R?Y +RYQ#RQY)/OMEGARR2 o+ |,

H2Y = (R2Y®RYY o+P27#R2Y +R70#RNDY) /OMEGARS2

HOY = {RQY#RYY +RGZ#N2ZY +R.O#RQY) /OMFGARNR2

HY? = (RYY®#RYZ +R27#RY7? ¢ ROZ#RYQ) /OMEGA*#2

K22 3 (RZY#RYZ <R22##%#) LROZ®R2N)/OMEGAR®Q * 1,

HQ? = (RYZR/RNY ¢ R27%R0O2 +RQN%RN7)/OMEGA%SR2

HYC = (RYY®RYC « RYZ#R?Q + ROG#QYQ) /OMEGA#®2

HZN = (RYQG®RIY + R7CHR72 _+ RZO#ROC)/OMEGA#R2

HQR = (RYC#RQY ¢ RAQAR? o ROZANZ0)/OMEGAR#®RZ o 3,

BR & HYYR(H?2#HQQ «KZN#HOZ) ¢ HYZRH(HZO#HQY «HZ2Y#HQQ) ¢ HYQ#(H2Y#H
1HQ2 = HZZ%HQY)

TJYY 3 (HZZ#HON =H2A%HN? ) /AR
TJ2Y = (HIQ®HQY « H2Y#HQN) /B8R
TJNY =z (HZY#HG? «H27#HQY) /AR
TJYZ 3 (HYQ®HGZ « HYZ#%HQO)/BR
TJ7Z & (RYYRHQD - HYQ®HQY) /RB
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COMPUTER PROGRAM (Cont'd)

(HY22HQY » HYYRHC?) /BB
T1.1v0Q (HYZRHIR o HZ7RHYD) /788
TJ29Q (HYQORHZY » KYYRHZIN} /BB

TIC0 = (HYY#H?Z = HY7#K7Y) /BB

E 5 CYYRYCAP o« CYZR2ICAP ¢ CYCHPCAP

F 2 CLY=YCAP o« CZZaICAD o CZQnPCAP

G 3 {QYayCAP « CQIn2CAP « CONRAPCAP

Y1 (TIYYRE o TJIVYZRF +TUYORG) /CMEGA

21 (TU2YRE o TJU?2aF oTJZ02G) /CMEGA

P o1 (TUNYRE o TINZaF  +TUCQRG ) /OMEGA
o Y2 (RYYRY] ¢ RYZ#21 « RYRRQ] )} /CMEGA

: 22 (R7YRY] o Q72871 ¢ D720%0CY 3 /CVMEGA
< 02 =l ROYRYY « RC7%#71 o PROAN1)Y /OVEGA
: TIC YAYP = SORTF( YI#8#D o y28#2)
” 7AvP SNRTF (71482 o+ Z78%2)
CA»D SPRYIFICI#22 o Co#a))
TFISTNEF SWITCH 3) gnN.9n1
0O WRITE CUTOUT TADF 4104 eTITY2eTIII72TI020TIIVI4TIIOTIIIZY,TIIIC
T et IVl gl Z ot IR T YT ITNeTITI7eTITICeTIYeTI24TICYCAPs2CARPCAP
106 FOPMAT(IH o AH TITY2 2 F15,0¢ 9k TI11Z2 ceF15,847H TIN2 =oF1GeP 0
TRH TITYE 2eF16.80 SH TIIC] 2eF15e807 9H TII1Z21 =eF15.Re 9H TIIIO}
Tef18,ReTH TIY] ZeF1S54Re7TH TI71 2eF1§,0¢7H TINY =oF1S,8e/7 T TI1Y
F23F18.8eTh TIIN 2eF1Se0¢AKH TITT7 =oF156%¢8H TITIN 24F15%¢6H TIY =
BoF 15,8761 TIZ zeF15,3¢4H TIN zoF15.B¢7H YCAD z9F 15,807k 7CAP =4F1S5,Ry 7
5eBeTt PCAP zoFi1S4R7 /)
G0 WRIIF C1TPIT TAPE 44351
151 FORMAT{1HC13 T MY LT cr JA JHR OMEGA
1 X*¥ KB M SuC? wHCY KCH KCv W
23 4
SREITE OUTTNT TAPE G150 qTYHT ¢TI ToCT e TURGTIHR NMFAAGTK T o TR 4 T4 C ¢ TMH
102 ¢ THHCY p T CH o TETV ol
160 FORMATETHDWIIFA,222F 1N, 34FR62)
1FIMNDTY TR34TIN4 4703
706 CAIY ACTMIY1oYD o THFTAST)
YA*'Gl = THEYA
CAll ACTMEZ1e722+4THFTAGY)
ZAMG! = TYHETA
CALE ACTN(RI o322 THFTAGTY
NAVGL =z THETA
«Y1#CNSF(YAL Gl ) o YIRSTHFIYANGE)
=71#CNSF(7ARGL) = Z2#STMF (7AMG])
N 1RCOSE(NARGL Y « POAQTME ICANGL)
GO TN 0%
703 CAIL ACTHIY24Y1+THFTALTY
YAGL = THFTa
CALY ACTMUZ24714THFTAST)
7A° Gl = TRFTA
CALL ACTF (C2eN14THFTAGTY
NAMGL = THETA
Y3 2 «yI#SINF(VAMNGl ) = VYI&COGFIYANAL)
- 23 se21#SINF{ZANGLY « 72&CnSF (7AMCLY
03 2 SNIRSINE(NANGE ) w» FIH#IOSFEICANGL )
708 IF( Y3) 60A4AOT 607
ADA TF 123} ANk A 0IT o o7
K0R TF(CY) 609486074407 .
AOT WRITF QLYTUT TAPE 42A1Ne 73473402
ALQ FONHAT (1M o 1AM FRIOR »07 MAYTIY(LMe 3F720.9)
AOO WRITF OLYPUT TAPE 44156 4Y1aY2e21 0722901002 0YAMP 4Z2AYP 4NAPP G YANGT ¢ 2AN '
1GL +CANGL

Y.ie2

SO .
non
]

AN 1,17 L Wy

~
W
nun
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COMPUTER PROGRAM (Cont'd)

156 FOIMAT(1HOs Gk Y1 3oF1cefe SH Y2 SeF15eRe5H 71 soF15eRe5H 22 2¢Fi5.8
148¢ SH C1 =eF15.P¢ SK 2 zoF15.8/7/TH YAVP SeF18S,ReTH 7AVP 2eF1580
P2TH CAMD 3¢F15.R/7/8Kk YArGp zeF15.RePH ZANGL =4F15,Re8K CANGL 3¢F15.
3N}

TF(SENSF SWITCH 1) 6204421

A20 YIN 3 <TTY

CONST £
YNt = «T1Y1
NIIDY £ ~TTIN
Q1IN 3 «111IC
603 FCRMAT (3F20.9)
WRITE QUTPUT TAPF 6¢603¢T102¢TIC1eTICcCONSToYN1oYILeCONSTOT171712
1 «CONST «BCAPCOMSTY
WRITE OUTPUT TAPE A eACAeCONSToRIIR QI ICeTITY? o TTIVIeTIIVCONST (O -
TINST e CONST sCOMST o YCAP o CNASTY
WRTITE OULTPUT TAPE Aeh03¢CNANSToTITIO oTIIIC«CONST(CONSToCONST(TII12
12eT11171eTI1174CONST2CAPCONST

62% 1F(SENSE SVITCH 2)6024+201

602 CALL SFTHP( TR{1)1eSeTS(1YeID(1Ye71885(1)10)

TINC 8 INCR

TINCR =2 1,0/TINC

TMAX 2 §,2R1853/0MFGA

1J = TMAX/TINCR ¢ 1,

N 995 JJ 3 1e1d

T = J) - %

ANG s TISTINCR#OMEGA

Y = YIRCOSF (ANG) ¢ YI2RQINF (ANG)
2 = 214CASFLANG)Y ¢ 22%STI4F (ANG)
0 2z N1#COSF{ANG) ¢ QI2#SIMF(ANG)
X = COSF (ANG)

woeD (1) = ANG

woePnN{2)y s v
woen(3y) = 7
wonRD(4y s 0
woeni(sy = X

IF(SENSE SWITCH 3) S5n0.5n1
500 WRITF QUTPUT TARE 4«¢5N02¢ {WORD(IL)ol131e8)
502 FORMAT(1H 5F15,R)
501 CAIl PLCT(WOPDI{1)eSF (1) sNXSFCo”ONFICCH (1) eI
995 CONTINUFE
CALL CIOSF(IN48}Y
201 CONTINUE
204 COMTINUF
200 CONTINUF
IF (SENMSF SWITCH 11672246213
622 END FILE 6
END FILE 6
623 READ INPUT TAPF 34 109+ 1STAR
109 FORMAY(AY)
TFIIMD = ISTAR) 5545¢ &%
§% PRINY 110y l.JOR
110 FORPMAT (1H14AK//730H,SHOULN RE FMR CARD RLY TS NOT)
END FILF 4
STOP 58%
5 FND FIIE &
STRP 8§
FNNI1aTa0elel)

31,32




Appendix B

COMPUTATION OF HYDRODYNAMIC MASS, DAMPING,
AND SPRING CONSTANTS

COMPUTATION OF HYDRODYNAMIC
MASS CONSTANTS

As shown in Eq. (11}, the mass matrix

- .
m, 0 O
0 o, 0

0 0 T+ Ths

must be evaluated. If the body has a plane of symmetry defined by
gravity and the fore-and-aft direction, and if the coordinate axes
are along the principal axes of inertia, this matrix in its complete
form would be

tyy tya

0 Mezz2 Dyza

L“‘:ay Peaz  Praa

where

m, is the total mass in a given direction.

The total mass is composed of the body mass (or rotational inertia),
the flood-water mass (or rotational inertia), and the hydrodynamic
mass (or rotational inertia), The cross-coupling '"masses,'' m

]
tya ¢ }
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Mype s Moy aNd Mgz , are hydrodynamic inasses only,
because of the above ckcice of coordinate axes.

Hydrodynamic m:asses for bodies of various shapes moving in
transiation have been determined experimentally by Pattcn.®! The
effects of freqguency and displacement amplitude have been investi-
gated by Miller. ° Hydrodynamic mass moments of inertia can be
computed for ellipsoids in accordance with the methods of Zahm,
Information can not be found in the literature that enables one to
compute the cross-coupled hydrodynamic masges. Consequently,

the mass matrix used in Eq. (12) has ail off-diagonal elements
equal to zero.

COMPUTATION OF DAMPING CONSTANTS

It is extremely difficult to find data ir the literature that enable
one to compute the damping constants for a towed body. NewmanB4
presents an analytical technique to compute damping coefficients of
ellipsoids. Patton®’ presents experimental data for model towed
bodies moving in translational motion. These data can be scaled
to a full-size body if scaling laws for size and frequency can be
determined. This method was used in the computation of damping
constants for the AN/SQA-11 VDS towed body.?® It was assumed
that the damping varies with the cube of the body size.

34

Blg, T, Patton, "An Experimental Determination of Hydrodynamic Masses and Mechan-
ical Impedances, " Master of Science Thesis, University of Rhode Island, Kingston, RhodeIsland,
May 1965, (Also published as USL Report No, 677, 5 October 1965),

B2p. Jo Miller, "The Effect of Frequency and Oscillatory Amplitude on Hydrodynamic
Mass, " Master of Science Thesis, University of Rhode Island, Kingston, Rhode 1sland, May 1965,

B3A. F Zahm, Flow and Force Equations for a Body Revolving in a Fluid, National Advisory
Committee for Aeronautics Report No, 323, 1929,

B4y N. Newman, "The Damping of an Oscillating Ellipsoid Near a Free Surface," Journal
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of S!‘%p Research, vol, 5, ro, 3, December 1961, pp. 44-58,
K. T. Patton, op, cit, (see footnote B1 above),

BOy, T, Patton, “Preliminary Towing Tests of the AN/SQA-11 Dense Body Model, " USL
Technical Memorandum No, 933-057-65, 17 March 1965 (CONFIDENTIAL),
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Experimentally measured rotational damping constants and
cross-coupled damping constants can not be found in the literature.
The damping oi the AN/SQA-11 towed body oscillating in the pitch
mode was approximated by computing the damping on an equivaient
eliipsoid after the method of Newman,

COMPUTATION OF SPRING CONSTANTS

The spring constants due to the body lift and the tail lift have
been considered in the text. A certain amount of judgment is called
for at this point because the springs may be ncnlinear. (AC,,
and AC,, may be nonlinear.) One must estimate the pitch
amplitude and substitute the best approximate linear values for the
actual nonlinear values.

The cable spring constants K, and K., can be computed
by considering two springs in series, The first spring represents
the axial extension of the cable under some load. This spring con-
stant is given by

K’ =T7

where

A = cross-secticnal arca of the cable,

™
]

cable modulus of elasticity, and

-
]

leagth of the cable.

The second spring inthe series combination is due to the changes
in configuration of the towcable because of changes in load at
the towed body. First, the equilibrium configuration of the system
is computed by using suitable tables or, possibly, the computer

»
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solution programmed by Cuthill.®” The drag of tke body is then
increased by some amount typical of the dynamic ioads existing

in the cable. The new configuration is computed, and the change
in trail distance is used to compute a spring constant K, . The
change in depth can be used to compute a cross-couplea spring
constant K,, . The same process is undertaken to compute the
spring constants K_ and K, by increasing the weight of '
the body. '

o e SRR AN . .

Equivalent spring constants K, and K_, are computed
as follows:

K”Kx sin ¢,

[}

Ch - 1
K”,+Klsm S0
and
K - Kzlemsq’o
Y *
K,,+K, cos ¢,
where

¢, is the angle (from the vertical) of the towline at the towed body.

The spring constants K, and K, are not constant
because the springs that they represent are nonlinear, One should
compute a number of deflecticns for different increments of drag
and weight to approximate the nonlinear springs in the yy- and
zz-directions with linear spring constants K, and K, .

B7E, Cuthill, A FORTRAN Program for the Calculaton of the Equillbrium Configuration of

a Flexible Cable in a Uniform Stream, David Taylor Model Basin Report No, 182, May 1963
(UNCLASSIFIED),
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